In the synthesis of input motions for seismic design based on the specified response spectra, Fourier amplitude is elaborately adjusted, while little attention is paid to the time characteristics, although differences in the phase characteristics can cause different nonlinear response of structures. To consider this problem, we propose a scheme to synthesise a wave that represents a set of collected spectrum-fitting ground motions, using an iterative learning scheme to integrate their respective characteristics. In the learning process, the characteristics of the wave are updated by adjusting its time-frequency characteristics using wavelet transform. The learning efficiency is monitored by comparing the characteristic effects of the waves on structures before and after the update, at which point the difference is quantified via Kullbuck-Leibler divergence. Numerical results show that synthesised waves cause comparatively large responses on various nonlinear structural members of a target structure, which indicates the effectiveness of the proposed scheme.
Introduction
The concept of performance-based design has recently become widely accepted in the field of structural seismic design. In design processes using this concept, seismic verification is important, and owing to the development of computational technology, it is becoming increasingly tenable to evaluate the performance of structures through nonlinear dynamic analysis. Thus, the setting of appropriate time-series of ground motions as input forces has also become an important issue.
Adding to the use of ground motions obtained from physical modelling (e.g., Raghu Kanth, 2008) , in many infrastructure seismic design codes (Japan Road Association, 2012; Railway Technical Research Institute, 2012) , the use of spectrum-fitting input motions -i.e., waves matching a target response spectrum -is recognised as a valid practice for seismic verification. Such waves are synthesised by tuning the amplification of frequency components. However, waves can have various time characteristics for one target response spectrum, and many candidates of input motions can be generated. Among those candidates, methods to obtain non-stationary waves which are reasonable as simulated ground motions have been developed. Kumar (2004) multiplied an envelope function to synthesised waves in time domain in order to generate non-stationary signals. Giaralis and Spanos (2009) utilised wavelet transform for the same purpose. However, these approaches do not consider the effects of the generated waves on nonlinear response of structures. Since the effects of these input motions differ, a method for objectively selecting a specific waveform from among the candidates is required. Current earthquake-resistant design codes, however, provide no concrete methods for this purpose. In practice, it is common that a few arbitrarily selected waveforms are used.
For the purpose of seismic design, the strongest wave among the spectrum-fitting input motions should be used. Here, the strongest wave can be defined as a wave that induces sufficiently large response value from structural members as compared to other candidate input motions. Although waves fitted to the envelope of the design response spectrum used in many design codes may have such representativeness for linear systems, they cannot be used for nonlinear systems.
In earthquake engineering, methods for synthesising the strong waves have been broadly studied using the intensity measure (IM) to express the strength of ground motions (Katsanos et al., 2010) . As a typical example of such a method, it is possible to rank each element of an aggregated ground motion based on IM and then select the waveform responding to the credibility required for the design force. Dhakal et al. (2006) selected input motions suitable for nonlinear dynamic analysis based on the results of incremental dynamic analysis. Lamprey and Abrahamson (2006) and Zhai and Xie (2007) proposed a selection scheme based on indices related to material nonlinearity and the dissipated energy of target structures. There is also a method for obtaining an artificial waveform with maximised IM based on formularisation of the measure as an optimisation problem for specific conditions (Takewaki, 2002) . Honda and Ahmed (2011) proposed a scheme to synthesise an artificial wave which exhibits the largest values of multiple IMs among the collection of possible ground motions. However, these methods suffer when structural behaviour has a strong nonlinear nature; in such cases, the value of the IM and the strength of the influence of the actual ground motion on the structure cease to adequately correspond. Although new IMs to enhance the correlation between indices and real response have been sought (Khashaee, 2005; Luco and Cornell, 2007; Tothong and Luco, 2007) , the nonlinearity issue has not been resolved. The core of this problem is believed to lie in the fact that the influence of ground motion on actual structures is related to a variety of characteristics, including amplitude, duration, and the dynamics over time of frequency components. A small number of IMs cannot adequately express the complex nature of these characteristics.
This paper proposes to synthesise a wave that represents a collection of candidate spectrum-fitting input motions, by extracting important characteristics involved in the response of the target structure from the complex characteristics of the ground motion and integrating them to an artificial wave. Such a representative wave would simultaneously excite the failure modes that are excited by candidate input motions, resulting in a higher response by the structure. We also present a synthesis scheme of representative waves of ground motions in which important characteristics of the assumed input motions are extracted and integrated. The scheme is formulated as an iterative learning scheme and its efficiency is validated through numerical simulations.
Proposed method

Overview
In infrastructure seismic design codes, a condition to be satisfied by input motions for seismic verification is often given as a response spectrum. However, the phase arbitrariness in such spectra means that a number of input motion candidates are possible. It is widely recognised that such candidates will differ significantly in terms of influence on the response of nonlinear structural systems, with the extent of the difference depending on the characteristics of the structural system. Therefore, it is necessary in seismic design to set a specific waveform as a representative of the candidates, and as the response caused by ground motion depends on the dynamic characteristics of the target structure, it is necessary to set the input motions in a structure-specific manner.
The aim of this study is to set structure-specific input motions as representatives of sets of spectrum-fitting ground motions. An artificial waveform can be synthesised by a process of iteratively learning the characteristics of spectrum-fitting ground motions related to the target structural system's response. If the waveform thus synthesised excites several failure mechanisms and gives a large response value to each constructional element of the structure, it is confirmed as an appropriate representative wave of the collection of candidate design ground motions. Miyamoto et al. (2012) presented a wave synthesis scheme based on this concept, showing some numerical simulation results, but how the presented scheme works was not explored. This paper describes the algorithm of the learning scheme, and discusses the detail of the simulation, such as the variation of the property of the synthesised wave in the updating process.
Synthesis of representative wave
We aim to artificially synthesise a waveform representing candidate input motions in terms of their influence on structures. The representative wave described here is an input wave that can confirm safety against failure modes that are excited by initially assumed candidate input motions. Here, a waveform that can cause an adequately large response value for each structural member relative to other input motions is called a representative wave. We can synthesise a representative waveform by integrating characteristics of candidate input motions into an artificial wave. In order to produce a synthesised wave with large effects on various structural members, characteristics of each ground motion in terms of the response of specific structural members are extracted and accumulated to form a strong wave. We formulate this wave synthesis scheme as an iterative learning procedure.
Evaluation of time-frequency characteristics of ground motions using wavelet transform
We utilise wavelet transform to extract the time-frequency characteristics. Conventionally, the frequency characteristics of ground motions are a main concern in seismic design. However, we should focus on the time-frequency characteristics and manipulate them using wavelet transform in order to extract wave characteristics more efficiently. It has been reported that the properties of ground motions related to nonlinear structural response can be manipulated more effectively by considering the time-frequency characteristics instead of frequency characteristics (Amiri et al., 2014) . The wavelet transform and inverse wavelet transform of a time-series signal s(t) are defined respectively as
where φ(t) is called a mother wavelet function and ˆ( ) φ ω its Fourier transform. The parameters a, b are called scale and shift, respectively, and represent the peak time and peak frequency of φ a,b (t), respectively. Equation (2) shows the expansion of s(t) to a summation of the wavelet function series, while T(a, b) represents the magnitude of the time-frequency component included in s(t).
When parameters a and b are continuously varied, it is called continuum wavelet transform. This procedure is useful in high-resolution analysis of the time-frequency characteristics and is therefore often utilised for the expression of time signals in the time-frequency domain.
On the other hand, the case in which a and b take discrete values is called discrete wavelet transform. By using an appropriate mother wavelet φ(t), the wavelet function series φ a,b (t) can construct a complete orthonormal system. Correspondingly, discrete wavelet transform is widely used for the synthesis of time signals and the manipulation of their properties.
In the wave synthesis method discussed below, wavelet transform is used in two ways: for the analysis of the time-frequency characteristics of time-series signals, and for the manipulation of the properties of the synthesised wave. For the former, we use continuous wavelet transform in which the Morlet wavelet is used as a mother function; for the latter purpose, we use a discrete wavelet transform with a complex sinc wavelet (see Kingsbury, 2001 ) as a mother wavelet.
Evaluation of learning efficiency using Kullback-Leibler divergence
For the iterative learning process, it is necessary to evaluate the learning efficiency of each learning step. In this paper, learning efficiency refers to the extent of change in the characteristics of the synthesised wave. As these characteristics should be evaluated from the viewpoint of their effect on the response of a target structure, we evaluate change in the property of ground motions as follows.
In order to express the characteristics of a certain ground motion f(t) from the viewpoint of influence on the structure, it is possible to use the n response values (x = {x 1 , …, x n }) of a nonlinear model simulating the target structure. In consideration of the computational cost of evaluating the responses for all assumed waveforms, the response values of simple models that can reflect the most important dynamic characteristics of the target structure are used. Examples of such response values include the maximum displacement and dissipated energy of a nonlinear single degrees of freedom (SDOF) system in which a natural period of the model and important mode period of the target structure are matched.
In order to make this expression of ground motion characteristics robust, various values of the parameters of nonlinear models used for the evaluation of x are assumed. Then we have various values of x, and we can obtain corresponding histograms. If we consider this as a stochastic problem, we obtain a probability distribution, p(x), of the response value x to ground motion f(t). The sensitivity of response against variation in a structural parameter differs according to the characteristics of the ground motion. Because the shape of p(x) changes as a function of f(t), it should be able to better express differences in ground motion characteristics than in the case of a single response value.
The probability distributions of the responses of structural models, p(x) and q(x), can therefore be presumed to correspond to respective ground motion f(t) and g (t) . In order to quantify the difference between f(t) and g(t), Kullback-Leibler (KL) 
is the divergence function on a manifold of probability distribution. We use KL divergence to quantify the difference between two ground motions in terms of their influence on a structure. It enables us to evaluate the extent of change of the synthesised wave's properties in the iterative learning process.
Learning scheme
Using wavelet transform and KL divergence, a wave synthesis scheme is constructed. The purpose of this scheme is to produce a synthesised wave with large effects on various structural members of a target structure. Because it is difficult to obtain appropriate artificial waves using an analytical scheme, we look at a method for synthesising a wave by iteratively adding slight property changes to a selected initial wave in order to eventually build a wave with the desired structural effects. As the attained properties should reflect those of the original motions, the scheme is designed so that the synthesised wave learns the time-frequency characteristics of the candidate input motions. Furthermore, the characteristics of the wave should change because of each learning step; correspondingly, the learning effect can be evaluated by the extent of change of the wave's characteristics. Considering these points, the learning scheme is developed. First, some initial wave for the k = 1 step is selected. It is referred to as f 1 (t) and this is updated in the iterative manner as follows:
1 Generate a set of spectrum-fitting input motions following given design spectrum.
Numerous strong motion records were adjusted in their Fourier amplitude, so that their response spectra fit to the specified design spectrum.
2 Select one candidate spectrum-fitting input motion whose characteristics are the closest to those of the synthesised wave in the k th step, f k (t). The selected wave is denoted by g target (t) and it is used as a learning target. 
where c is a coefficient to adjust the learning rate. By adding fluctuation to (a c , b c ), obtain several candidate synthesised waves for the k + 1 th step.
6 Among the candidates, select as the synthesised waveform for the next step the candidate for which the characteristics are the most changed from those of the synthesised waveform in step k.
7 The phases 2 to 6 will be iterated until the power of the synthesised wave reaches the specified value. If the power is smaller than the specified value, it goes back to phase 2.
The procedure is summarised in a flowchart in Figure 1 . The aims of several phases above can be explained as follows. In phase 3, T target (a, b) are the time-frequency characteristics related to the structural response at the learning target; a large value of ΔT(a, b) indicates that the synthesised wave has not reached the level of the target wave. Therefore, in phases 4 and 5, we extract time-frequency component (a c , b c ) from g target (t) and add the corresponding wavelet function to f k (t) for integrating important characteristics. In order to improve efficiency of the learning process, fluctuation is given to (a c , b c ) and the several candidates are prepared in phase 5. Learning efficiency is evaluated as the extent of change of characteristics quantified by KL divergence, and the most significantly changed candidate is selected in phase 6.
Through these processes, the main characteristics of each waveform extracted as the time-frequency characteristics are incorporated into the synthesised waveform. A learning coefficient c determines the rate of modification of the synthesised wave in each step.
A waveform synthesised using this method is expected to cause larger response in structural members than those which are excited by candidate input motions, which are used as the learning target in the presented scheme.
Numerical simulation
We verify the proposed scheme through numerical simulations in which a target structure and a collection of spectrum-fitting input motions are assumed. The artificial wave generated by the proposed scheme should reflect important characteristics relevant to the nonlinear behaviour of the target structure.
Target structure
A nonlinear, ten degree-of-freedom system simulating a ten-story RC building was setup as the structural system to be subjected to earthquake performance verification. The characteristics of the springs connecting to each mass were expressed using a tri-linear Clough model, and the parameters of mass and rigidity were set following Architectural Institute of Japan (2006) specification. Table 1 lists every mode period possessed by the structure. Figure 2 shows the shapes of the first three oscillation modes with black circles denoting the springs showing the largest relative displacement in each mode. In different oscillation modes, different springs will suffer damage. OpenSees (see McKenna, 2011) was used for time history response analysis. The Park-Ang index I PA (see Park and Ang, 1985) was used to evaluate the damage ratio of each spring against ground motions:
where δ max and dE ∫ denote the maximum displacement and the spring hysteretic energy caused by ground motion, respectively, and δ u and Q y denote the ultimate displacement and yield strength in each spring, respectively. The ultimate displacement was set as the displacement when the inter-story drift angle between each story of the building became 1.00%.
i PA I is the Park-Ang index of i th spring, where the first spring is the base spring and the 10th spring is the top spring.
Spectrum-fitting input motions
The design response spectrum adopted by the Japanese seismic design code for highway bridge piers (Japan Road Association, 2012) for the Earthquake Type II, Ground Type II was used as the target spectrum. 98 ground motions were amplified to fit this design response spectrum and they were considered as candidate input motions.
Parameters setting for wave synthesis
Following the above conditions, we conducted a wave synthesis. First, one of ground motions among the spectrum-fitting waves was selected as an initial wave, f 1 (t). If this wave were to be used as is as the initial wave, its power would exceed the criteria within a small number of iterations, and insufficient learning would be conducted. Therefore, the initial wave was set by multiplying f 1 (t) by 0.5. For the learning scheme phase 3, a perfect elasto-plastic bi-linear SDOF model was used. In order for the model to represent the dominant properties of the target structure, the natural period of the SDOF was tuned to the same value as the first mode period of the structure.
In phase 5, the learning rate coefficient c in equation (6) was determined in order to increase the power of the initial wave by 10% of the initial value in each step. In addition,
.0] were added to a c and b c , respectively, in order to obtain 100 synthesised wave candidates for the next step. For phase 6, probability density functions expressing the wave characteristics were defined as the response values of a perfect elasto-plastic SDOF with parametric fluctuations. The SDOF parameters were the same as used in phase 3, and joint pdfs of peak displacements and dissipated energy were utilised. Learning efficiencies were evaluated via KL divergence, and the most significantly changed candidate was selected for the next step.
For setting parameters of the SDOF in phases 3 and 6, the vibration mode with the period longer than the original period was focused considering that natural period of the target structure becomes longer after yielding. As is shown by the numerical simulation in the next section, fluctuations of the parameters succeeded in considering the influence of nonlinear behaviour of structures. In case of structures whose behaviour is more affected by higher modes, SDOF systems with shorter natural period should be used or greater fluctuations should be given. Selection of indices based on structural information is an issue to be addressed in the future.
Under the conditions above, the learning procedures were conducted repeatedly until the power of the synthesised wave exceeded the largest value among learning targets. Figure 3 shows the time series of the initial wave, the synthesised wave, and the candidate input motions. It is seen that properties of the synthesised wave such as peak ground acceleration and dominant frequency are similar to those of the candidate waves. Since the power of the synthesised wave is constrained by the scheme, its amplitude is comparable to those of the candidate input motions.
Results and discussion
Property of the synthesised wave
The velocity response spectra of three randomly selected examples of synthesised waves are compared with those of the candidate input motions in Figure 4 . It is observed that in each case, the spectrum of the synthesised wave has large values in the period range longer than 0.41 s, which is period of the first mode of the target structure. This result indicates that the synthesised waves have learned time-frequency characteristics relevant to the nonlinear response of the structure that accompanies elongation of its natural period, which in turn implies the effectiveness of the scheme. 
Response value of the target structure against the synthesised wave
Let us discuss how the learning process changed the influence of the synthesised wave on the target structure. Figure 5 shows the change in response of the target structure to the synthesised wave, with the responses of the first (bottom), sixth, and tenth (top) springs given as examples. For comparison, the results of a case in which (a c , b c ) in phase 5 of the learning process were randomly selected -corresponding to random modification of the wave -are also presented. Note that, even in this case, the modification resulted in an increase in the total power of the synthesised wave. The proposed method selects wavelet functions in such a manner that the wave characteristics change significantly. Thus, even though both of the methods compared in Figure 5 modified the synthesised wave to increase its power by adding wavelet functions, the synthesised wave obtained by the proposed method effectively captured the influence on the first spring. The influence of the synthesised wave on the sixth and tenth springs became clear from the middle of the process. This suggests that the wave did not gain influence on various members simultaneously. It became influential for the first mode at the early stage and then gained influence on higher modes in the later stage. The synthesised wave eventually obtained the influences on both springs as the learning process proceeded. This demonstrates the effectiveness of the gradual modification process of the proposed method. Figure 6 shows histograms of the response values of the structure by the candidate spectrum-fitting input motions, with the response values caused by the synthesised wave, marked by a red circle. Figure 6(a) shows that, for the first spring, the damage by the synthesised wave is greater than most of the damages induced by the candidate spectrum-fitting input motions. This is because the dominant mechanism for the behaviour of the first spring is the first mode oscillation, which is considered in the wave synthesis procedure. The results indicate that the proposed procedure generated an input motion that is sufficiently robust for the design purposes. Figure 6 (b) shows the results for the tenth spring. The behaviour of this spring is mainly affected by the higher modes. The results indicate that, throughout the synthesis procedure, the synthesised wave gained associated properties relevant to the damage of various structural members. It demonstrates the viability of the concept that wave synthesis can reflect a variety of characteristics.
These results imply that the representative wave generated by the proposed scheme should serve as an appropriate design input motion based on the specified design response spectrum. 
Conclusions
Many infrastructure design codes indicate the use of spectrum-fitting input motions for seismic verification. They suggest that Fourier amplitude should be modified so that response spectrum should fit to the specified value, but pay little attention to the phase characteristics, or time-characteristics of input motions. Many candidate input motions can be generated, but it is not clearly determined which of them should be utilised as a design input motion. As they have different influences on the nonlinear response of structures, it is necessary to develop a scheme to select or synthesise a small number of input motions to be used in the seismic design. In order to solve this problem, we proposed a scheme to synthesise an artificial wave that can represent the candidates of design ground motions, by using an iterative learning to integrate important characteristics of those candidate input motions. In each learning step, characteristics of input motions are extracted using wavelet transform and added to a synthesised wave. The efficiency of the learning process is evaluated using KL divergence, which is used as a measure of difference of ground motions in terms of their effect on structural models.
Numerical experiments were conducted to verify the proposed method. A nonlinear, ten degree-of-freedom system was setup as a target structure and 98 spectrum-fitting waves were prepared as candidate input motions. It was shown that a wave synthesised using the proposed method selectively obtained dominant time-frequency characteristics relevant to responses of the target structure, and that it produced comparatively large responses for multiple structural members. These results suggested that waves synthesised using the proposed methods are suitable representative waves of the candidate spectrum-fitting input motions. The presented scheme can be utilised as a wave synthesis method based on the specified design response spectrum.
